We show that one cannot put a stationary (extended) black hole inside certain gravitating flux-tubes. This includes an electric flux-tube in five-dimensional Einstein-Maxwell theory, as well as the standard flux-branes of string theory. The flux always causes the black hole to grow indefinitely. One finds a similar restriction in a Kaluza-Klein setting where the higher dimensional spacetime contains no matter.
Introduction
Our basic understanding of black holes includes a series of "no-hair" theorems which state that certain types of matter must vanish outside stationary black holes. Intuitively, this says that the matter either falls into the black hole or radiates out to infinity. These theorems were originally proven for linear fields, but they were thought to hold more generally. It was later realized that many types of hair are indeed possible. One class of examples consists of black holes in anti-de Sitter space. Perhaps the simplest case is a charged scalar field which can exist outside certain charged black holes [1, 2] . A large class of asymptotically flat examples involves theories that admit stationary solitons. One can often put a small stationary black hole inside the soliton without destroying it [3] . This includes solutions of Einstein-Yang-Mills theory [4, 5, 6] , and monopoles of the Einstein-Yang-Mills-Higgs system [7] . (For a comprehensive review of these solutions, see [8] .) One can also put a rotating black hole inside a rotating boson stars [9, 10] .
There are some cases where one cannot put a static black hole inside a static soliton. For example, if one puts a small black hole inside a static perfect fluid star it will grow and slowly consume the star. Similarly, one cannot put a static black hole inside a static boson star 1 [11] . The matter content of the soliton determines whether or not one can put a static black hole inside.
In higher dimensions, there are extended black holes such as black strings and black branes. There are also extended solitons such as flux-branes. These are higher dimensional generalizations of "Melvin's magnetic universe" [12] which describes a static, cylindrically symmetric, gravitating magnetic flux-tube. A natural question is whether one can put a static black brane inside a static flux-brane. Since there is an exact four dimensional static solution describing a Schwarzschild black hole inside Melvin's magnetic universe [13] , one might expect the answer is yes. We will show that this is incorrect. If one puts a black brane inside a flux-brane, it will necessarily grow and consume the brane.
The simplest example starts with an electric flux-tube in five dimensions. As this solution does not appear to exist in the literature, we will numerically construct it in Sec. 4 . That is, we find a static, cylindrically symmetric solution of the five-dimensional Einstein-Maxwell theory describing a self-gravitating electric flux-tube. The product of four-dimensional Schwarzschild and a line is a simple five-dimensional black string with the same symmetry as the flux-tube. Our result shows that one cannot put a thin black string inside the flux-tube and keep the solution stationary.
A much larger class of examples that have been discussed in the literature are the flux-branes of string theory [14] , which are sourced by one of the higher rank forms in supergravity. We will review these solutions in Section 4. Our result implies that one cannot put a stationary black brane inside any of these flux-branes 2 . As a final application of our result, one can consider higher dimensional vacuum solutions with a U (1) symmetry. Under Kaluza-Klein reduction there is a Maxwell field, and one can construct an electric flux-tube solution of the dimensionally reduced theory. Since one cannot put a stationary black string inside this flux-tube, it follows that one cannot put a black two-brane in the higher dimensional vacuum solution. At first sight, this example is more surprising than the first two. When there is nonzero flux outside the horizon, one can imagine that a stationary black hole cannot exist since the flux falls in causing the black hole to grow. But in a vacuum solution, there is no matter to fall in.
The answer to this puzzle lies in the Raychaudhuri equation applied to the null geodesic generators a of the event horizon (in D spacetime dimensions):
where λ is an affine parameter, θ is the expansion, and σ ab is the shear of the null geodesic congruence. For a stationary black hole, the left hand side must vanish. Since the theories we are interested in all satisfy the null energy condition, the right hand side is the sum of three negative terms. In order for a stationary black hole to exist, each one much vanish. This is indeed possible for black holes placed inside some solitons [8] , but we will see that for the flux-branes, the last term is always nonzero. In the Kaluza-Klein example where the higher dimensional solution has no matter, we will see that the shear is necessarily nonzero on the horizon causing the horizon to grow. The outline of this paper is as follows. In the next section we prove that a uniform black brane cannot remain stationary inside a flux-brane. In section 3, we discuss the generalization to nonuniform black branes. We will prove that there cannot exist stationary black branes which are nonuniform in a compact direction and argue that similar results hold for noncompact directions also. In section 4 we discuss the flux-branes in detail, and construct some numerically. We conclude in section 5 with some open questions. The two appendices contain some technical details.
No Uniform Black Branes
Consider a theory of gravity in D dimensions coupled to a closed (p + 1)-form field strength F p+1 . We will assume a general (Einstein-frame) action of the form
Note that we have included a possible (but not required) scalar field with coupling to F p+1 governed by a constant a. (One can also include additional matter fields or Chern-Simons terms and they will not affect our argument.) The equations of motion following from (2.1) are
where τ ab is the trace-reversed stress tensor
g ab given by
In addition, one has the constraint dF p+1 = 0. There are "flux-brane" solutions to this theory which are nonsingular solutions with at least p + 1 (commuting) translational symmetries which include time, and F p+1 is nonzero when restricted to this homogeneous subspace. We will not need the detailed form of these solutions to prove our "no black hole theorem" so we delay our construction of these solutions until Sec. 4. In this section we rule out uniform black branes inside these flux-branes, and in the next section we will argue that similar results hold for the nonuniform case.
Theorem: Consider a "flux-brane" solution to (2.1), i.e., a nonsingular solution in which F tx 1 ···xp is nonzero, and all fields are independent of t, x 1 , · · · , x p . Then one cannot put a stationary, translationally invariant, black p-brane in the center of this flux-brane.
Proof: First note that F tx 1 ···xp ≡ E must be constant. If it were a function of another coordinate, say r, then dF = 0 would require that F has a component F r··· that depends on t or one of the x i contradicting the translation invariance. We will first rule out static black branes, and then generalize to the stationary case. If there were a solution describing a static black p-brane in the center of this flux-brane with horizon at r = r 0 , then
To obtain a flux which is smooth on the future horizon, one can introduce F rx 1 ···xp (r) so that the t and r components of F p+1 combine to give F vx 1 ···xp = E, where v = t + h(r) is a good coordinate near the horizon. The static Killing field which is null on the horizon is now ξ = ∂/∂v (since we have not changed the radial coordinate), so the flux of energy crossing the horizon is
This cannot vanish since the right hand side is a sum of nonnegative terms with at least one positive contribution coming from F vx 1 ···xp . 3 This contradicts the assumption that the black brane was static, since the Raychaudhuri equation (1.1) shows that the horizon must grow when there is an energy flux across the horizon.
This argument is easily extended to rule out stationary black branes as well. If a black brane is stationary but not static, the Killing vector which is null on the horizon takes the form
where x denotes some direction along the brane, i.e., a linear combination of the x i , and φ denotes a rotation in the transverse space. One can first perform a boost in the (t, x) plane to a co-moving frame (t,x) where the black brane is at rest. Since the flux is boost invariant, we have Ftx ··· = E. This effectively removes the second term on the right hand side of (2.5). One can now repeat the argument above. Good coordinates near the horizon of a rotating black hole take the form v = t + h 1 (r),φ = φ + h 2 (r). The second coordinate transformation does not affect the flux, and the first is identical to the static case. So one again finds that if F p+1 is regular on the future horizon, there must be a nonzero flux of energy crossing this horizon causing the black hole to grow. QED The theorem holds whether or not the black brane carries a charge. A black p-brane can carry electric charge of a p + 2 form, or magnetic charge of a D − (p + 2) form. It can also carry smeared charges of lower rank forms. All these charges produce fields which are smooth on the horizon with no flux of energy crossing it. So they do not affect the above result. They cannot stop the black hole from growing.
There are various extensions of this theorem. A simple one just uses Hodge duality. Consider a solution with a magnetic q-form fieldF which is nonzero. If there is a function h such that F = h F satisfies the conditions of the theorem, then one cannot put a stationary black brane in such a solution.
A less trivial extension is the one mentioned in the introduction. Even if there are no form fields F in the higher dimensional theory, there can be solutions which, after dimensional reduction, have a Maxwell field satisfying the conditions of the theorem. One cannot add stationary black branes to such a solution. For example, consider a higher dimensional vacuum solution of the form
where the metric functions are independent of t, x, y. After Kaluza-Klein reduction on y, one has a Maxwell field F xt = E, so one cannot add a stationary black string. We will see an example of this type of solution in Sec. 4. Our result certainly does not rule out the familiar planar black hole in AdS 5 × S 5 , even though that solution is sourced by a (self-dual) five-form. The reason is that in the usual Poincare coordinates for AdS 5 , the nonzero component of the flux is F trx 1 x 2 x 3 . Since the radial direction is included (in which there is no translational symmetry) and a constant r surface is null at the horizon, the right hand side of (2.4) vanishes.
Generalization to Nonuniform Black Branes
We now ask what happens if we relax the assumption that the black branes are translationally invariant. It is likely that static spherical black holes can exist inside these flux-branes. Indeed, exact solutions have been constructed describing a static Schwarzschild black hole inside a magnetic flux-tube in both four [13] , and higher [16] dimensions. In D = 4, one can dualize the magnetic flux-tube to an electric flux-tube, but this is not possible for D > 4. So to our knowledge exact solutions describing static spherical black holes in higher dimensional electric flux-branes have not yet been constructed, but are likely to exist.
If the horizon is extended in all p directions, it is likely that it cannot remain stationary even if we relax the assumption that it is uniform. We will prove this when the nonuniform directions are compact, and then give an argument which applies to noncompact directions.
Compact case
Suppose one direction x 1 is periodically identified with period L. It is easy to rule out stationary black branes which are inhomogeneous in this compact direction. Choose a radial coordinate r such that the horizon is at constant r and x 1 is a coordinate along the horizon. Expanding F tx 1 ···xp in a Fourier series in x 1 we get
The coefficients, F (n) tx 1 ···xp are independent of x i , but can depend on coordinates off the brane, say r. We can similarly expand
where the coefficients F (n) trx 2 ···xp again are independent of x i , but can depend on r. The condition dF p+1 = 0 can also be expanded in a Fourier series and must hold mode by mode. In particular, if we look at just the zero mode, we get ∂ r F (0)
tx 1 ···xp must be nonzero at large distance from the brane since we are considering a flux brane. Since it is constant, we can now apply the argument in the uniform black brane case to conclude that stationary nonuniform black branes cannot exist.
This argument immediately generalizes to more than one compact direction along the brane. One can Fourier transform F tx 1 ···xp in all the compact directions. The overall zero mode must again be constant and nonzero at large distances from the black brane.
Noncompact case
When the black brane is inhomogeneous along a noncompact direction, the argument is more subtle. One cannot just apply a Fourier transform in x 1 and look at the k = 0 contribution. Since we have a constant flux at infinity, the individual k = 0 mode diverges. In this section we will show that inhomogeneous black strings (i.e. p = 1) cannot exist within a flux-tube because the horizon would thin out along the string direction at a rate so rapid that the string would pinch off. We leave for future work the general p case which we believe will yield similar results.
Let us suppose that the non-uniform black string in a flux-tube solution exists and consider the features it must possess. At a large radial distance R away from the string, there is a uniform electric field F tx = E. This means that asymptotically the electrostatic potential grows linearly with x, A t = Ex. In contrast, the horizon must be an equipotential surface A t = 0 4 independently of x, which means that the equipotential surfaces coming in from large radius cannot hit the horizon. Instead they must bunch up, producing a radial component of the electric field that grows with x (see Fig. 1 ). The radial electric field on the horizon, F rt , will be positive for large x > 0 but negative for large x < 0. This requires that the black string has a positive charge density for x > 0 and negative charge density for x < 0, which is similar to what happens if one puts a long conducting rod in an electric field; there is charge separation with positive charge accumulating at one end and negative charge at the other. The horizon is required to be an equipotential surface with value A t = 0; this forces the field lines to bunch up as x → ±∞, which means that the black string is locally positively charged at large positive values of x, and negatively charged at large negative values of x. The string remains neutral overall, however. Inset: In the neighbourhood of some positive value of x, the non-uniform black string in a flux-tube should be approximated by a uniform charged black string with an electric field perturbation.
If the horizon indeed extends to x = ±∞ without pinching off at a finite value of x, the xdependence of the metric should be negligible near the horizon compared with the r-dependence, as the radial electric field grows indefinitely. Then, the geometry at large x should be well described by a perturbation of a translationally invariant charged black string solution. To explore this possibility, we consider the following ansatz for the D = d + 1 dimensional Einstein-Maxwell theory (2.1) with no dilaton and p = 1:
Here H ± = 1 − (r ± /r) d−3 and A, B, C, D are functions of r and x. When A = B = C = D = 0, this is the translationally invariant electrically charged black string solution. This solution first appeared in [17] for the case d = 4, and the general d solution can be derived by dualising and uplifting the magnetically charged dilatonic black holes of [18, 19] . The horizon topology is S d−2 × R and is located at r = r + , while the curvature singularity is at r = r − . The extremal limit corresponds to r + = r − and has zero horizon area. The temperature is
To model the putative non-uniform black string in the neighbourhood of some large positive x value, we will start with this charged solution (with A = B = C = D = 0) and add a small electric flux along the x-direction. A linear perturbation of the uniform charged black string can be described by:
where is the small parameter controlling the perturbation and is proportional to the asymptotic value of the electric flux. Note that the perturbed gauge potential A t vanishes on the horizon r = r + as required by regularity. Also note that all perturbations have a linear dependence on x. Typically, a perturbation about a translationally invariant solution would be expanded in modes e ikx . Here we are using the fact that we expect the dominant contribution to come from small k, and have kept only the linear term 5 . The equations governing the perturbation come from linearizing the background Einstein and form equations (2.2):
There are 6 independent components of the Einstein equations and 1 independent form equation. Two equations are first order constraints: the rx-component Einstein equation is the momentum constraint and a linear combination of the diagonal components yields the Hamiltonian constraint. Using these constraints, the system can be shown to reduce to 4 ODE's, first order in A 1 , C 1 and second order in B 1 , D 1 . The boundary conditions we desire are such that the perturbation is regular at the horizon and asymptotically the perturbed metric functions fall-off to zero and the Maxwell perturbation is that of a constant electric field whose magnitude is proportional by the expansion parameter 6 :
Requiring the perturbation to be regular at the horizon translates into the Dirichlet condition A 1 (r + ) = B 1 (r + ) as well as additional Robin boundary conditions relating functions and their derivatives at r = r + . This is a boundary value problem, and to solve it numerically we first convert to a compactified coordinate and discretize using a spectral grid. It can then be converted to a simple linear algebra problem of the form M.v = b, with M a matrix and b, v vectors. In Fig. 2 we plot the solutions for the representative case of d = 4, T = 2/5/(4π), and r + = 0.632. The solutions for other parameter values or dimensions are qualitatively similar. It turns out that the effect of the perturbation on the horizon geometry can be understood very simply. Starting with the uniform charged solution, Eq. (3.3) with A = B = C = D = 0, the effect of the electric field can be taken into account by promoting the black hole parameters to be functions of x: r ± = r ± (x). To see this, note that requiring that the temperature be independent of x imposes a relation between dr + /dx and dr − /dx. Using this condition, one can calculate dA H /dx in terms of dr + /dx, where A H is the cross-sectional area of the horizon at fixed x. Returning to the linearized perturbation, one can also calculate dA H /dx in terms of C 1 (r + ). Equating these two expressions yields
6 These boundary conditions correspond to the linearisation (in E) of the electric flux-brane solutions discussed later in Sec. 4. Although those solutions are not asymptotically flat, they are when restricted to linear order in the asymptotic value of the electric field E, which is proportional to in the current perturbative treatment. The deviations from flatness arise at O( 2 ).
Similarly, one can calculate dg xx /dx r + in two different ways: first in terms of dr + /dx, and then in terms of the perturbation B 1 (r + ). Equating the answers yields
Thus we see that if
holds for our numerical solutions, then the horizon geometry is accurately modelled by the uniform charged string with the parameters r + , r − promoted to functions of x and subject to the constraint that dT /dx = 0. And indeed, we find that this condition is satisfied for our solutions, up to a very small numerical error. Therefore, the perturbed horizon behaves exactly as the uniform charged black string made non-uniform by slowly varying parameters r ± (x). Since C 1 < 0, we see that as x → +∞ the horizon thins out and the electric field evaluated at the horizon increases. It seems that there are two possibilities: either the horizon radius goes to zero in finite distance, in which case one cannot place inhomogeneous non-compact black strings in flux-tubes, or the horizon continues to shrink without pinching off as x increases. This would be a new type of black hole solution, a "spiky black hole", that would look somewhat like Fig. 1 7 . To investigate whether such a solution is possible, let us analyse the rate at which the perturbed horizon radius decreases with x. In Fig. 3 , we plot C 1 (r + ) for d = 4 and fixed temperature, in this case arbitrarily chosen to be T = 2/5/4π. We find that C 1 (r + ) is always negative, and appears to be diverging as r + → 0. The divergence is well fitted by a power law,
with α, β, γ positive fit parameters that are in principle functions of d and T . Surprisingly, we find that γ = 2 independent of d or T , and that β is independent of T and takes on the values: It is interesting to note that it appears that β → 1 as d → ∞. Lastly, α depends on both d and T , but importantly is always positive. We can now use the fact that the perturbed black string is well modelled as the uniform black string with x-dependent parameters by combining Eq.'s (3.9), (3.12) to find that for small r + r + (x)
with c 0 a constant of integration which we take to be positive, and c 1 a positive constant. Clearly r + (x) pinches off at finite x, which is very strong evidence against the existence of these "spiky black holes". This result, together with the proofs of Sec.'s 2 and 3.1, rules out any sort of extended black string in a flux-tube.
Although we only considered the case of p = 1 for the non-uniform, non-compact case, it seems likely that the result holds for higher p as well. To fully answer this question one should repeat the analysis done here. The relevant uniform charged black brane solutions can be constructed in a very similar manner to (3.3), although an additional uplift would be required. 
Flux-branes
In this section we construct various flux-brane solutions to (2.2). They can be described by the general ansatz
where α, β, γ and the dilaton φ are all functions of the radial coordinate only, and ds
are Einstein metrics obeying
where λ p+1 and λ D−p−2 are constants, indices belonging to the (p+1)-dimensional space are labelled with Greek letters, and the indices belonging to the (D −p−2)-dimensional space are labelled with lowercase Latin letters starting with i, j, .. Note that the form equations are already satisfied: F p+1 is trivially closed, and although its Hodge dual in general possess a non-trivial radial dependence, it also acquires a dr-leg, and is therefore also closed. Also note that the gauge freedom associated with the choice of radial coordinate has not been fixed yet. We will find it convenient to work in different gauges, therefore we leave it un-fixed for now. The equations of motion for this ansatz are presented in Appendix A.
Melvin Flux-branes
The above ansatz includes both the original four-dimensional Melvin fluxtube [12] , as well as its generalization to higher dimensions and non-trivial dilaton [19] 8 . The geometry of the original Melvin solution consists of the two-dimensional Lorentz invariant worldvolume of the flux-tube, the radial direction, and a transverse circle. We will call flux-branes Melvin-like if the flux-brane has the same cohomogeneity as the original four-dimensional solution. Thus we set p + 1 = D − 2 to obtain a p = (D − 3)-dimensional flux-brane. The solution is given by:
3)
where Λ is given by
Here we have imposed the gauge α = β which is common for these solutions. For these flux-branes of cohomogeneity-2, exact solutions can be found because the (D − p − 2)-dimensional transverse space is simply S 1 , which has no curvature. For flux-branes of higher cohomogeneity the circle is promoted to a sphere, the curvature of which induces a coupling between the metric functions and makes the equations much harder to solve analytically [14] .
Note that the magnetic dual of (4.3) involves a two-form Maxwell field. For p = 1 and the special value of the dilaton coupling a = − 2(D − 1)/(D − 2), the action (2.1) is equivalent to pure gravity in D + 1 dimensions (see Appendix B). So for this value of a (in the dual magnetic frame), the magnetic dual of the above solution comes from dimensional reduction of a vacuum solution. In fact, it can be obtained from flat Minkowski spacetime by dimensionally reducing along a combination of a translation and a rotation in a perpendicular plane [20] .
Our theorem is of limited applicability for this class of flux-branes for the following reason. Near r = 0, the backreaction of the flux-brane can be neglected and the spacetime looks flat. It is known that there are no vacuum black holes with horizon topology R D−3 × S 1 , and so the stationary black holes excluded by the above theorem do not exist in the absence of flux. 9 In order to obtain flux-brane solutions that could in principle admit small black branes at their centre, the S 1 must be replaced with a higher dimensional sphere.
Higher Cohomogeneity Flux-branes
We now generalize the Melvin flux-branes to branes of higher cohomogeneity, so that the transverse space includes a sphere of dimension two or greater, while keeping the p + 1-dimensional worldvolume to be Minkowski space. These solutions have been studied before [14, 21, 22] ; and the two flux-branes of M-theory have (D, p, a) = (11, 3, 0) or (11, 6 , 0). Here we review and extend the analysis of these solutions.
Electric Flux-tubes in D = 5
Perhaps the conceptually simplest generalization of the above flux-brane solutions is the case of a (non-dilatonic) electric flux-tube in D = 5. A flux-tube corresponds to p = 1, therefore our ansatz is
A convenient gauge choice comes from examination of the constraint equation (A.4) . No derivatives of β appear, therefore if we impose a gauge by directly fixing e 2γ to be a β-independent function (here we will use e 2γ = r 2 ), then the constraint can be used to algebraically solve for β and the system will reduce to a single ODE for α (it seems that the convenience of this gauge has not been appreciated before in the literature). One can scale E out of the equation since rescaling the coordinates t, x, r by λ rescales the metric by λ 2 . Einstein's equation remains unchanged if we also rescale F 2 by λ. The resulting ODE for α is:
where z ≡ Er.
We were unable to determine the general solution analytically, but a simple closed form solution does exist, and is
This solution is clearly singular at r = 0 and hence is not of physical interest. Nevertheless, it is quite useful since it can be shown that this solution is an attractor solution for the large-r behaviour of general solutions [14] . To see this, linearise around the exact singular solution, α = α singular +δα. The solution to the linearised perturbation takes the form
where c 1,2 are constants of integration. For large r, the perturbation oscillates with a decaying envelope and asymptotes to the above exact singular solution, indicating that it is indeed an attractor. The solution we are interested in is regular along the axis r = 0. We did not succeed in finding it analytically, but the equations can be solved numerically once the boundary conditions are supplied. The large-r behaviour is that of the attractor, and the small r behaviour is simply regularity at the origin. There will be a curvature singularity unless e 2α → const, and e 2β → 1. Expanding the equations in a power series around r = 0 yields We have used the scaling symmetry of the Minkowski directions to set an overall constant to 1. The boundary condition required by regularity is then A(0) = 1, A (0) = 0, where A = e α . In Fig. 4 we plot the numerical solution for this flux-tube. From the plot, the non-singular solution can be seen to asymptote to the attractor solution at large r.
This electric flux-tube is much better behaved asymptotically than the Melvin flux-branes. One can see from (4.3) that in the Melvin case, the S 1 in the transverse space shrinks to zero size as r → ∞. In the current solution, the effect of the flux-tube on the asymptotic geometry is weaker, and the S 2 in the transverse space continues to grow asymptotically. However, the solution is still not asymptotically flat in the transverse directions. It is asymptotically a cone. Applying the results of Sections 2 and 3 to this solution, we see that we cannot put a stationary black string inside the electric flux-tube. Stated intuitively, there is no way to prevent stress energy from flowing into the black string, which would cause it to grow.
There is a simple physical interpretation of this result in terms of a stretched horizon 10 . The stretched horizon has finite electrical conductivity, so if one puts a black string along an electric field, a current will flow. Since the resistance is nonzero, the current will generate heat and cause the black string to grow. So a static black string is impossible. This is very similar to the discussion in [23] where an exact solution was found showing a black hole growing when an electric field is applied.
Kaluza-Klein flux-tube in D = 5
An interesting extension of this five-dimensional example is to include a dilaton, and consider it in the context of Kaluza-Klein theory. As before, we choose to impose the gauge e 2γ = r 2 , and eliminate β using the constraint. Now the system has been reduced to two coupled ODE's in α and φ. As noted in Ref. [14] , the dilaton equation of motion becomes a copy of the α equation of motion if we set
Therefore the system has again been reduced to a single ODE, and the inclusion of the dilaton comes at no cost in complexity. We omit the presentation of the equation as it is rather lengthy. Once again, we find that the general solution must be solved for numerically, and that a simple, singular solution exists. For the case a = a KK = − 8/3, the flux-tube can be uplifted to a vacuum solution of Einstein gravity (see Appendix B). The flux-tube has been geometrized, and the six-dimensional line element is now ds
where we have chosen the gauge A = Exdt. While the metric (4.11) has three translational symmetries, they do not all commute. The Killing fields include ∂/∂t, ∂/∂y, and ∂/∂x − Et∂/∂y. This is a timelike version of the Bianchi Type II symmetries of a homogeneous anisotropic cosmology.
To gain some insight into this Ricci-flat solution, we can examine its large-r behaviour, which is governed by the singular attractor solution:
Note that the KK circle is pinching off at infinity. Since one cannot put a stationary black string in the five-dimensional flux-tube, one cannot put a stationary black two-brane in this vacuum solution. One can see this directly in six-dimensions, by deriving the following contradiction. Adding a stationary uniform black two-brane would produce a metric of the following form:
where v is an ingoing null coordinate, and f vanishes at some radius r 0 denoting the horizon. The metric functions g xx , g yy , h depend only on r. The vector = ∂/∂v − Ex∂/∂y is null on the horizon but it is not a Killing vector. So the six-dimensional spacetime does not have a Killing horizon. One can show that the vector is tangent to a null geodesic, and has zero expansion, but nonzero shear. This violates the Raychaudhuri equation (1.1) and shows that the assumption of a stationary solution is inconsistent with the field equations. To see why the shear is nonzero, consider a small bundle of light rays extended in the x and y directions with thickness ∆x, ∆y. Starting at v = v 0 , this bundle has a rectangular cross-section. Under evolution by , the rectangle gets distorted with geodesics pushed forward in the y direction by an amount proportional to x. This produces shear. This argument is a Lorentzian version of the one given by Iizuka et al [24] who consider five dimensional black holes having Bianchi symmetry on the horizon. They show that for Bianchi types II, VI 0 , or VII 0 , if ∂/∂v − is not a Killing field, then the shear will be nonzero and the solution cannot be stationary.
General Case
Having studied five-dimensional flux-tubes we now discuss the general case. Much of the above analysis carries over in higher dimensions. The gauge e 2γ = r 2 is imposed, and the constraint equation is used to algebraically solve for β. The system now only involves two coupled and undetermined functions, α and φ. As in the five-dimensional dilatonic flux-brane, the φ equation of motion becomes identical to the α equation of motion after a rescaling [14] 
Therefore the equations of motion for this general ansatz have been reduced to a single ODE, the presentation of which we omit as it is quite long. As before a simple analytic family of singular solutions exists:
15)
(4.16)
These solutions have been noticed by numerous authors for various values of the parameters (D, p, a) [14, 21, 22] . Although clearly singular at r = 0, these exact solutions are still quite useful as they are often attractors for the large-r behaviour of more general solutions [14] . As before, this can be determined by linearising around the exact solution, α = α singular + δα. The solution to the linearised perturbation takes the form 17) where c 1,2 are constants of integration, and q, ν are constants depending on (D, p, a). If both q, ν 2 > 0, then the perturbation oscillates with a decaying envelope and asymptotes to the above exact singular solution for large r, indicating that it is an attractor. We have checked the singular solution is an attractor for the following solutions: the two 5d flux-tubes presented above, and all of the flux-branes of string theory/M-theory with co-dimension greater than two.
The solutions we are interested in are, of course, nonsingular at the origin. We did not succeed in finding analytic non-singular solutions, but the equations can be solved numerically, just as they were in the D = 5 cases considered above. We therefore see that there is a large class of nonsingular flux-brane solutions for which our theorem applies, including flux-branes that appear in string/M-theory. These flux-branes cannot be "blackened" without introducing time-dependence 12 .
Discussion
We have shown that one cannot put stationary black branes inside flux-branes. This was rigorously established for uniform black branes or black branes that are nonuniform in compact directions. For the case of black strings inside a flux-tube, we have given numerical evidence that this result extends to the noncompact case, and we expect that it extends to all cases where the horizon is noncompact. A translationally invariant black string (or black brane) is subject to Gregory-Laflamme instabilities. One can stabilize it by compactifying the direction it is extended along. Our result shows that even when it is stable, the black string cannot remain stationary inside a flux tube.
An interesting open question in this compactified context is the following 13 . In vacuum gravity with one direction compactified on a circle, there is a well studied black hole -black string transition in the space of static solutions (see [25] and references therein). One can start with a small spherical black hole and increase its size. One obtains a continuous family of solutions in which the spherical black hole gets distorted when it approaches the size of the circle. It then makes a transition to a nonuniform black string and eventually turns into a uniform black string. Now suppose we start with an electric flux-tube wrapping the compact direction. As we argued in section 2, a small static spherical black hole should still exist. We can continuously increase the size of this black hole and it is likely that there will again be a transition to a nonuniform black string. But we have seen that the nonuniform black string cannot be static. So when does the static solution stop existing? The intuitive picture of the electric field inducing currents on the stretched horizon given in section 4.2.1 suggests that it will not be until the nonuniform black string forms.
What is the analog of this intuitive picture for higher rank forms? Can one understand the absence of static black two-branes inside F 3 flux vacua, by postulating that the stretched horizon contains strings which move when placed inside this flux? This seems likely since one can dimensionally reduce a flux p-brane along p − 1 directions to obtain a flux-tube. We have argued that one cannot put a static black string in this flux-tube due to the existence of currents on the stretched horizon which imply the existence of charged particles. From the higher dimensional standpoint, these charged particles are charged p − 1 branes. We should emphasize that there is no actual charged matter in the spacetime. These charged objects arise in an effective description of form fields interacting with black holes. This property of stretched horizons deserves further investigation.
A Equations of Motion
Here we present the equations of motion (2.2) for the ansatz (4.1). The form equations are already satisfied as noted above. The three independent (trace reversed) Einstein equations are Here A is the 1-form gauge potential related to the field strength via F = dA.
